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IDEALISERS IN SKEW GROUP RINGS
RUTH REYNOLDS
Abstract. Let C be a commutative noetherian domain, G be a finitely generated
abelian group which acts on C and B = C#G be the skew group ring. For a prime
ideal I C C, we study the largest subring of B in which the right ideal IB becomes a
two-sided ideal - the idealiser subring. We obtain necessary and sufficient conditions
for when this idealiser subring is left and right noetherian. We also give an example
of these conditions in practice which translates to an interesting number theoretic
problem.
Contents
1. Introduction 1
2. Preliminaries 3
3. Idealisers in skew group rings 6
4. Idealisers in skew group rings of abelian groups 8
4.1. Right noetherianity 8
4.2. Left noetherianity 10
4.3. Critical Transversality 12
5. Idealisers defined by subvarieties of the plane 13
6. More general groups 15
References 17
1. Introduction
Let B be a ring, I be a right ideal in B and IB(I) = {b ∈ B | bI ⊆ I}. This subring
of B is called the idealiser of I in B and is the largest subring of B which contains I as
a two-sided ideal. There is no analogue of this construction in commutative rings and so
this is an intrinsically noncommutative concept.
Introduced by Ore in [Ore32], idealisers are highly noncommutative rings with inter-
esting and sometimes pathological behaviour. For example, Stafford used idealisers to
construct a variety of left and right noetherian rings with peculiar ideal structure [Sta85].
Idealisers occur naturally in Artin and Stafford’s classification of noncommutative projec-
tive curves [AS95] so we expect idealisers to feature in any sufficiently general noncommu-
tative classification. Hence a better understanding of the behaviour of these subrings is
desired. In the Artin-Stafford classification idealisers come from noetherian graded rings
which have the property that no Veronese is generated in degree 1. This property never
occurs for commutative rings.
Idealisers are often good examples of rings that have different left and right structures.
For example, if
B = C[x, y][t±;σ]
is a skew Laurent ring where
σ(x) = x+ 1 and σ(y) = y,
and we consider the right ideal (x, y)B, then we show below that IB((x, y)B) is right but
not left noetherian. The reasons for this will become clear in the paper, but we mention
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2 RUTH REYNOLDS
that this depends on the dynamics of the orbit of (x, y) under σ. A related example was
essential in the proof by Sierra and Walton that the universal enveloping algebra of the
Witt algebra is not noetherian [SW16] which answered a question which had been open
for over 20 years.
Idealisers were studied in detail by Robson in [Rob72] where he observed that in the
case that right ideal I is semimaximal, that is to say, I is the intersection of maximal right
ideals, then the properties of the B and IB(I) are very closely linked. In particular, the
following result characterises the noetherianity of an idealiser of a maximal right ideal.
Theorem 1.1. [Rob72, Theorem 2.3] Let B be a ring, I a maximal right ideal of B.
Then B is right noetherian if and only if IB(I) is right noetherian.
We note that Robson does not address left noetherianity at all in his paper and, as a
consequence of results in this paper, a left noetherian version of Theorem 1.1 in a graded
setting does not hold. Indeed, the idealiser mentioned above is a counterexample.
The objective of this paper is to investigate the noetherianity of idealisers in skew group
rings. In [Rog04b] and [Sie10], Rogalski and Sierra considered what it means for idealisers
in twisted homogeneous coordinate rings [AV90] to be left and right noetherian and they
obtained the following result which we paraphrase.
Theorem 1.2. [Sie10, Theorem 10.2] Let B = B(X,L, σ) be a twisted homogeneous
coordinate ring, where X is a projective variety, L is an appropriately ample invertible
sheaf on X, σ ∈ AutX, and let I be a right ideal of B corresponding to a closed subscheme
Z ⊆ X of infinite order under σ. Then the noetherianity of IB(I) is determined by the
orbit of Z under σ.
We state this result precisely in Theorem 4.14 but, whilst we are being vague about the
technicalities, it is interesting to note that an algebraic condition which is sometimes very
difficult to verify, that of noetherianity, in this case can be understood from a geometric
perspective.
Let C be a commutative domain and let Z act on C by powers of σ ∈ AutC. Based
on the behaviour of idealisers in twisted homogeneous coordinate rings, one naturally
conjectures that similar geometric conditions to those in Theorem 1.2 control noetherianity
of idealisers in C#Z and indeed we verify that this is the case. However, it is difficult
to predict what will control noetherianity of idealisers in C#G for an arbitrary group G.
In this paper we completely answer the question for G being a finitely generated abelian
group.
Definition 1.3. Let I, J CC, a commutative ring. Then we say that V (I) and V (J) are
homologically transverse if
TorCj (C/I,C/J) = 0
for all j ≥ 1. Further, for a group action of G on C, we say {V (Ig)}g∈G is critically
transverse if for all ideals K C C, V (Ig) and V (K) are homologically transverse for but
finitely many g ∈ G.
Our main results are as follows:
Theorem 1.4 (Theorem 4.6). Let C be a commutative noetherian domain, let G be a
finitely generated abelian group acting on C and let B = C#G. Let ICC be a prime ideal
with trivial stabiliser under the G-action on C. Then the following are equivalent:
(1) for all points p ∈ V (I) the set
{h ∈ G | ph ∈ V (I)}
is finite;
(2) IB(IB) is right noetherian.
Theorem 1.5 (Theorem 4.13). With the same setup as Theorem 1.4 the following are
equivalent:
(1) {V (Ig)}g∈G is critically transverse;
(2) IB(IB) is left noetherian.
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We give a complete characterisation of noetherianity for idealisers at prime ideals of C
with a more general group action in the body of the paper.
Understanding when the conditions in Theorems 1.4 and 1.5 hold can be subtle. For
example, let C = C[x, y] and let Z2 act on C[x, y] by translation. Then IB((x−7y2−1)B)
is neither left nor right noetherian. However, if f ∈ C[x, y] defines either an irreducible
curve of genus ≥ 1 or a line, then IB(IB) is left and right noetherian. Full details of this
example may be found in Section 5.
In the first section and second section, we focus on group rings of polycyclic-by-finite
groups and that working with graded rings simplifies results from the literature. In the
fourth section we prove Theorems 1.4 and 1.5 and in the final section we give the details
of the example mentioned above which raises an interesting question in number theory.
Acknowledgements. The author is an EPSRC-funded student at the University of
Edinburgh, and the material contained in this paper will form part of her PhD thesis.
The author would like to thank her supervisor Susan J. Sierra for suggesting this problem
and providing guidance, and also to the EPSRC.
2. Preliminaries
The aim of this paper is to generalise theorems in the literature about idealisers in
twisted homogeneous coordinate rings to some other well-chosen noncommutative situa-
tions. In this section we give definitions and results which we will need. Our idealisers
will be group-graded, and we begin by discussing the noetherianity of group-graded rings.
Chin and Quinn [CQ88] show that if G is a polycyclic-by-finite group and R is a G-
graded ring, then all G-graded right ideals of R are finitely generated if and only if R is
right noetherian. We note that it is still an open question as to whether this holds for rings
graded by arbitrary groups. Indeed, it is even still a question as to whether R#G, the
group ring of G, can be noetherian when G is not polycyclic-by-finite. Hence it is clearly
not reasonable for us to consider the noetherianity of rings graded by non-polycyclic-by-
finite groups.
The proof by Chin and Quinn [CQ88] is rather inexplicit, so we begin with a direct
proof in the case that G is a finitely generated abelian group. This generalises a reult of
Bjo¨rk [B90, Theorem 2.18].
Proposition 2.1. Let G be a finitely generated abelian group and let R be a G-graded
ring. If all homogeneous right (left) ideals of R are finitely generated then R is right (left)
noetherian.
Proof. We proceed by induction on Rank(G) = n. Suppose initially that n = 0, then
G = {0, g1 . . . , gm} is finite and R = R0 ⊕ (
⊕m
i=1Rgi). We show that each Rg is finitely
generated as a right R0-module. Indeed, let I1 ( I2 ( . . . be a strictly ascending chain
of right R0-submodules in Rg, then I1R ⊆ I2R ⊆ . . . is an ascending chain of G-graded
right ideals in R. Further, since (IjR)g = Ij this chain in strictly ascending and so must
stabilise, hence Rg is a noetherian right R0-module. Thus, as G is a finite group, R is
finitely generated as a right R0-module and hence is right noetherian.
So we have proved the case when n = 0. Now we suppose that n > 0. Then G contains
a normal subgroup isomorphic to Z; abusing notation we write Z C G. First we show
that R is G/Z-graded. For an element x ∈ G, let x¯ denote its image in G/Z and let
Rx¯ = ⊕a∈ZRx+a. Let g¯, h¯ ∈ G/Z. Then,
Rg¯Rh¯ =
(⊕
a∈Z
Rg+a
)(⊕
b∈Z
Rh+b
)
=
∑
a,b∈Z
Rg+aRh+b
⊆
∑
a,b∈Z
Rg+a+h+b
=
∑
a,b∈Z
R(g+h)+a+b = R ¯g+h, as needed.
We next prove the claim:
if R has ACC on G-graded right ideals then that R has ACC on G/Z-graded ideals.
We use the general method of Bjo¨rk’s proof [B90, Theorem 2.18]. Let L ≤ RR be a
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G/Z-graded right ideal and let X ⊆ G be a set of coset representatives for G/Z so
then L =
⊕
x∈X Lx¯. Let t be an indeterminate. We begin by constructing the external
homogenisation of a G/Z-homogeneous element z ∈ L. We have z ∈ Lg¯ for some g ∈ X,
and we write z =
∑
h∈Z zg+h. Let v = v(z) = max{h ∈ Z | zg+h 6= 0} and define
z∗ =
∑
h∈Z zg+ht
v−h ∈ R[t]. Then define L∗ = 〈z∗ | z ∈ L〉 as a right ideal of R[t]. We
note that L∗ is G-graded, under the grading on R[t] where R is G-graded and t is given
degree 1 ∈ Z ≤ G. Under this grading, for each z ∈ Lg¯, z∗ will be G-homogeneous of
degree g + v(z) and hence L∗ will be G-graded as it is generated by these elements.
There is a positive filtration F• on R[t] with Fw = R+Rt+ · · ·+Rtw. Now consider the
image σ(L∗) in grF (R[t]). Then σ(L
∗) =
⊕
w∈N(L
∗ ∩ Fw)/(L∗ ∩ Fw−1) ∼=
⊕
w∈N J(w)t
w.
We observe that the J(w) are right ideals in R such that J(w) ⊆ J(w + 1). Further,
these right ideals J(w) are G-graded. Indeed, by virtue of coming from L, the J(w) are
G/Z-graded. Now suppose h =
∑n
i=1 hi ∈ J(w) such that hi ∈ Rg+ai where the ai ∈ Z
are distinct. Then (
n∑
i=1
hi
)
tw + [lower powers of t] ∈ L∗.
Recall that L∗ is G-graded and, letting Ni = g + ai + w, we see((
n∑
i=1
hi
)
tw + [lower powers of t]
)
Ni
= hit
w + [lower powers of t]Ni ∈ L∗
and hence
σ
(
hit
w + ([lower powers of t])Ni
)
= hit
w ∈ σ(L∗).
Thus we have an ascending chain of G-graded right ideals of R, J(0) ⊆ J(1) . . . , which
stabilises to J∞ by assumption.
We claim this is enough to show that σ(L∗) is finitely generated. Indeed we reproduce
the standard argument from Hilbert’s basis theorem. Let a1, . . . , an be a finite generating
set for J∞ and let fi ∈ σ(L∗) such that lt(fi) = ai where lt(g) is the coefficient of the
highest power of t in g. Without loss of generality we may assume degt(fi) = m for all
i (else, if m′ is the maximum of the t-degrees of the fi then we may replace any f of
lower t-degree with fit
m′−degt(fi) Let L0 =
(
σ(L∗) ∩∑m−1i=0 tiR[t]) + ∑ni=1 fiR[t], then
we claim L0 = σ(L
∗). Suppose not, obviously L0 ⊆ σ(L∗) so let f ∈ σ(L∗) \ L0 be of
minimal t-degree d ≥ m. Since f ∈ σ(L∗), lt(f) ∈ J∞ and as such lt(f) =
∑n
i=1 airi for
some ri ∈ R. Consider g = f −
∑n
i=1 firit
d−m, then this cancels out the leading term of f
and since degt(g) < degt(f), by minimality f =
∑n
i=1 firit
d−m ∈ L0, as required. Hence
σ(L∗) is finitely generated. Since F is a positive filtration, by [B90, Proposition 2.11], L∗
is finitely generated.
We now define φ : R[t]→ R by φ(∑w twxw) = ∑w xw (i.e. mapping t to 1). This is a
surjective ring homomorphism and L = φ(L∗), hence L is finitely generated.
So through this we have proved that R being right G-graded-noetherian implies that
R is right G/Z-graded noetherian. As Rank(G) > Rank(G/Z), by induction on Rank(G)
we conclude that R is right noetherian. 
We have the following useful lemma.
Lemma 2.2. Let A ⊆ A′ be subrings of a domain D. Suppose that A is right noetherian
and that A contains a non-zero right ideal of D. Then A′ is right noetherian.
Proof. Let 0 6= J ≤ DD such that J ⊆ A and let 0 6= y ∈ J . Then we observe that
yA′ ⊆ JD ⊆ A, so yA′ is a right ideal of A, and hence is a finitely generated right
A-module. As D is a domain, A′ ∼= yA′ as right A-modules and hence A′ is a finitely
generated A-module and so is right noetherian. 
Now we give some general results from ring theory which will be used for the proofs
of Theorems 1.4 and 1.5. The starting point for the treatment of both left and right
noetherianity is to generalise results of Rogalski and Stafford to theG-graded setting where
G is a polycyclic-by-finite group. Note that the question of whether the noetherianity of
G-graded rings is completely controlled by homogeneous ideals is still open for an arbitrary
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group G. Hence we only consider rings graded by polycyclic-by-finite groups as those are
the only ones whose noetherianity may be confirmed by checking homogeneous ideals.
Lemma 2.3. (cf.[Sta85, Lemma 1.1]) Let G be a polycyclic-by-finite group and let B be
a right noetherian G-graded ring. Let I ≤gr BB and let R = IB(I). Suppose further that
B/I is a graded-noetherian right R-module. Then R is a right noetherian ring.
Proof. This is a graded version of [Sta85, Lemma 1.1]. Let J ≤gr RR. Then JB and JI
are graded right ideals of B, thus are finitely generated, and JB ≥ JR = J ≥ JI. We
can write JB =
∑n
i=1 siB and JI =
∑m
j=1 rjI where si, rj ∈ J . We note that we may
actually assume {si} = {rj}. Indeed, let {tk} = {si}∪{rj}. Then {tk} generates JB, but
we also note that JI =
∑
j rjI ⊆
∑
k tkI ⊆ JI so the {tk} also generate JI. So without
loss of generality m = n and si = ri for all i = 1, . . . , n.
Then we have a surjection
(B/I)n
(s1,...,sn)−−−−−−−− JB/JI ⊇ J/JI.
Hence, since B/I is graded-noetherian, J/JI is a finitely generated right R-module.
Say J/JI =
∑p
`=1(u` + JI)R for some u` ∈ J . Then observe that J =
∑
` u`R +∑
i siI ⊆
∑
` u`R +
∑
i siR ⊆ J , so J is finitely generated. Hence, by [CQ88], R is right
noetherian. 
Definition 2.4. Let I, J be right ideals of a ring B. Define
(J : I) = {b ∈ B | bI ⊆ J}
to be the ideal quotient.
We alert the reader that this is a symmetric notation for an asymmetric concept. We
will not use the corresponding left-handed version. We also observe that if I and J are
graded right ideals of B, then (J : I) will be graded as well.
Proposition 2.5. (cf.[Rog04b, Proposition 2.1]) Let G be a polycyclic-by-finite group and
let I be a graded right ideal of a G-graded right noetherian ring B which is a domain. Let
R = IB(I). Then the following are equivalent:
(1) R is right noetherian.
(2) For every graded right ideal J ⊇ I of B, HomB(B/I,B/J) is a right graded-
noetherian R-module (or R/I-module).
Proof. This is a graded version of [Rog04b, Proposition 2.1] noting that the two-sided
noetherien hypothesis on the overring B in that result is superfluous. Suppose (2) holds.
By Lemma 2.3 it suffices to show that B/I is a graded-noetherian right R-module. By
hypothesis, R/I ∼= HomB(B/I,B/I) is right graded-noetherian and so it suffices to show
B/R is right graded-noetherian. To this end, let KR ≤gr BR such that RR ≤ KR.
As B is noetherian, let J = KI =
∑n
i=1 kiI. As R ≤ K we have that I ⊆ J . Let
C = (J : I) = {b ∈ B | bI ⊆ J} ≤gr BR. Since KI ⊆ J , K ⊆ C = C + J .
We have the following identification: HomB(B/I,B/J) ∼= (J : I)/J = C/J , thus by
hypothesis C/J is a right graded-noetherian R-module. Hence the submodule K/J is
finitely generated, say K/J =
∑m
`=1(a` + J)R where a` ∈ K and so K =
∑m
`=1 a`R +∑n
i=1 kiI ⊆
∑m
`=1 a`R +
∑n
i=1 kiR ⊆ K is finitely generated as required. Thus, as R is
G-graded, R is right noetherian.
Conversely, observing that R ⊆ B which contains a right ideal of B, namely I, we use
Lemma 2.2 to conclude BR is finitely generated and the rest of the argument may be
found in [Rog04b, Proposition 2.1]. 
Proposition 2.6. (cf. [Rog04b, Proposition 2.2] ) Let G be a polycyclic-by-finite group
and let R be the idealiser of a graded right ideal I in a left noetherian G-graded ring B .
Then the following are equivalent:
(1) R is left noetherian;
(2) BJ∩RJ is a left graded-noetherian R-module (or R/I-module) for all finitely gen-
erated J ≤grRR;
(3) R/I is left graded-noetherian and TorB1 (B/I,B/K) = (I ∩ K)/IK is a graded-
noetherian left R-module (R/I-module) for all K ≤grBB.
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Proof. The equivalence of statements (1) and (2) may be found in [Rog04a, Lemma 5.10],
and the argument (1) implies (3) may be found in [Rog04b, Proposition 2.2]. We note
that these statements are not in the G-graded setting but the proofs follow in the same
way.
We now show (3) implies (2). Let J be an arbitrary finitely generated graded left ideal
of R and consider the following short exact sequences of left R/I-modules:
0→ J
IBJ
→ BJ ∩R
IBJ
→ BJ ∩R
J
→ 0
and
0→ BJ ∩ I
IBJ
→ BJ ∩R
IBJ
→ BJ ∩R
BJ ∩ I → 0.
Note TorB1 (B/I,B/BJ)
∼= I∩BJIBJ and BJ∩RBJ∩I injects into R/I. Thus, by assumption, the
outer terms of the second short exact sequence are graded-noetherian left R/I-modules, so
BJ∩R
IBJ is a graded-noetherian left R/I-module. Hence, from the first short exact sequence
BJ∩R
J is a left graded-noetherian R/I-module as required. 
3. Idealisers in skew group rings
We have shown that the noetherianity of idealisers in left and right noetherian domains
graded by polycyclic-by-finite groups is completely determined by the properties of Hom
and Tor spaces associated to homogeneous ideals. Let us now turn to the situation of
interest to us, when B is the skew group ring of a polycyclic-by-finite group, and prove
some further useful results. We begin by fixing notation.
Definition 3.1. Given a ring R and a group G which acts on R, for g ∈ G, r ∈ R the
image of r under action by g will be denoted rg. We denote by R#G the skew group
ring which is a free left R-module with elements of G as a basis and with multiplication
determined by
(rh)(sg) = (rsh)(hg)
for g, h ∈ G and r, s ∈ R. Each element of R#G can be written uniquely as ∑g∈G rgg
with rg = 0 for all but finitely many g ∈ G.
Many results in [Sie10] are proved under the assumption that the subscheme Z at
which one idealises has infinite order under σ, that is Stabσ(Z) is trivial. We wish to
allow nontrivial stabilisers, which will require some notation, which will be in force for
the remainder of the paper.
From here on k will denote an algebraically closed field.
Notation 3.2. We let I be a prime ideal in a commutative noetherian domain C which is
a k-algebra. Let G be a polycyclic-by-finite group which acts on C and let B := C#G be
the skew group ring which is left and right noetherian by Theorem 3.3 . Let R = IB(IB)
denote the idealiser in B of the right ideal IB. Since IB is graded, so is R.
We have the following result about the noetherianity of skew group rings from Mc-
Connell and Robson.
Theorem 3.3. [MR88, 1.5.12] Let G be a polycyclic-by-finite group and R a ring. If R
is right (left) noetherian then R#G is right (left) noetherian.
As noted earlier, it is still an open question as to whether R#G being noetherian implies
that G is a polycyclic-by-finite group. Thus we not consider groups more general than
polycyclic-by-finite as we do not know whether C#G will be noetherian, and so all of the
results from Section 2 no longer hold. Now that we have specified the rings with which
we are working, we can be more precise about the structure of IB(IB).
Lemma 3.4. Assume Notation 3.2 and recall the notation (J : I) from Definition 2.4.
Let J C C and consider JB ≤ BB. Then
(JB : IB) =
⊕
g∈G
(J : Ig)g.
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Further
R =
⊕
g∈G
(I : Ig)g.
Proof. We note that as both JB and IB are graded, then (JB : IB) is also graded. Then
for g ∈ G we have the following identifications:
(JB : IB)g = {c ∈ C | cgIB ⊆ JB}g
= {c ∈ C | cIgB ⊆ JB}g
= {c ∈ C | cIg ⊆ J}g = (J : Ig)g.
Observing R = {b ∈ B | bIB ⊆ IB} = (IB : IB) gives the result.

We note that if I has trivial stabiliser under the action by G, then R = C + IB by the
primeness of I. We also have the following reductions of Propositions 2.5 and 2.6 using
that B is strongly graded.
Theorem 3.5. Assume Notation 3.2. Then the following are equivalent:
(1)
⊕
g∈G Tor
C
1 (C/I,C/P
g)g} is a finitely generated left R-module for all prime ideals
P C C;
(2) R is left noetherian.
Proof. By Proposition 2.6, R is left noetherian if and only if TorB1 (B/IB,B/K) = (IB ∩
K)/IBK is a finitely generated left R-module for all graded left ideals K ≤ B. Every
graded left ideal of B is of the form K = BJ where J CC as B is strongly graded. Hence
R is left noetherian if and only if TorB1 (B/IB,B/BJ) is a finitely generated left R-module
for all ideals J C C.
We now prove that the following statements are equivalent:
(a) TorB1 (B/IB,B/BJ) is a finitely generated left R-module for all ideals J C C;
(b) TorB1 (B/IB,B/BP ) is a finitely generated left R-module for all prime ideals P C
C;
That (a) implies (b) is clear.
We have the following result from commutative algebra [E11, Proposition 3.7]:
There exist C-modules Mi and prime ideals Pi C C for i = 0, . . . , n such that
0 = M0 ⊂M1 ⊂ · · · ⊂Mn−1 ⊂Mn = C/J
and Mj+1/Mj ∼= C/Pj+1 for j = 0, . . . , n− 1.
Assume (b). We show by induction on j that TorB1 (B/IB,B ⊗C Mj) is a finitely
generated left R-module. The statement is trivially true for j = 0 as then B ⊗C M0 ∼= 0.
Let us now consider the short exact sequence
0 −→ Mj−1 −→ Mj −→ C/Pj −→ 0.
Applying B⊗C − which is exact as BC is flat, we obtain
0 −→ B ⊗C Mj−1 −→ B ⊗C Mj −→ B/BPj −→ 0.
Applying B/IB ⊗B − gives rise to a long exact sequence which contains the following
terms
· · · → TorB1 (B/IB,B⊗CMj−1) α−→ TorB1 (B/IB,B⊗CMj) β−→ TorB1 (B/IB,B/BPj)→ . . . ,
from which we extract the short exact sequence
0→ kerβ → TorB1 (B/IB,B ⊗C Mj) β−→ imβ → 0.
Since kerβ ∼= imα is a homomorphic image of TorB1 (B/IB,B⊗CMj−1), which is finitely
generated by induction, and imβ is a submodule of TorB1 (B/IB,B/BPj), which is finitely
generated by assumption, we conclude TorB1 (B/IB,B ⊗C Mj) is a finitely generated left
R-module as required. Hence (a) holds.
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Now that we have shown the equivalence of these statements we have the following
identifications of left R-modules:
TorB1 (B/IB,B/BP ) = (IB ∩BP )/IPJ =
⊕
g∈G
I ∩ P g
IP g
g
=
⊕
g∈G
TorC1 (C/I,C/P
g)g
which completes the proof. 
We also have a similar result for right noetherianity:
Theorem 3.6. Assume Notation 3.2. Then the following are equivalent:
(1)
⊕
g∈G
(P :Ig)
P g is a finitely generated right R-module for all prime ideals P C C
which contain I;
(2) R is right noetherian.
We omit the proof from Proposition 2.5 as this follows in exactly the same style as
Theorem 3.5 follows from Propositin 2.6.
4. Idealisers in skew group rings of abelian groups
4.1. Right noetherianity. Let us first consider right noetherianity for the setup of No-
tation 3.2. By Theorem 3.6, we must show HomB(B/IB,B/JB) is a finitely generated
right R/IB-module for all prime ideals J C C which contain I. As mentioned before,
since we are dealing with non-trivial stabilisers, we require some extra notation and a
definition.
Definition 4.1. For two subgroups H,K of a finitely generated abelian group G, we say
H is complementary to K if H ∩K = {0} and H ⊕K is of finite index in G.
Remark 4.2. We note that by the classification theorem for finitely generated abelian
groups, that a complement always exists and may be chosen to be a free abelian group
with Rank(K) = Rank(G)− Rank(H).
From now on we denote K := StabG(I).
Proposition 4.3. Assume Notation 3.2. Then R/IB ∼= (C/I)#K is left and right noe-
therian.
Proof. We note that for any prime ideal J C C,
(1) (J : Ig) =
{
C if Ig ⊆ J,
J else.
Then by Lemma 3.4 , R =
⊕
g∈G(I : I
g)g =
(⊕
g∈K Cg
)
⊕
(⊕
g∈G\K Ig
)
. Hence
R/IB =
⊕
g∈G
(I : Ig)
I
g =
⊕
k∈K
C
I
k.
This is a free left (C/I)-module which has a basis generated by the elements of K. Thus
R/IB = (C/I)#K.
As K is a subgroup of a finitely generated abelian group it is also finitely generated
abelian and C/I is clearly noetherian, (C/I)#K is left and right noetherian by Theorem
3.3. 
Notation 4.4. For a subgroup H ≤ G and an ideal J C C we denote specific sets as
follows:
SH,V (J) := {h ∈ H | h.V (J) ⊆ V (I)},
where h.p is the induced action of G on SpecC, and
TH,V (J) := {h ∈ H | TorC1 (C/I−h, C/J) 6= 0}.
Lemma 4.5. Assume Notation 3.2. The sets SG,V (J) and TG,V (J) are both K-sets.
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Proof. We begin with SG,V (J). We must show that if a ∈ SG,V (J), then a+K ∈ SG,V (J).
Indeed
(a+K).V (J) ⊆ K.V (I) ⊆ V (I).
Now for TG,V (J) we have
TorC1 (C/I
−a, C/J) = 0 ⇐⇒ TorC1 (C/I,C/Ja) = 0
⇐⇒ TorC1 (C/I−k, C/Ja) = 0 ∀k ∈ K as K = StabG(I)
⇐⇒ TorC1 (C/I,C/J (a+k)) = 0
⇐⇒ TorC1 (C/I−(a+k), C/J) = 0 ∀k ∈ K.

Theorem 4.6. Assume Notation 3.2. Then the following are equivalent:
(1) there exists a subgroup H ≤ G, complementary to K, such that for all points
p ∈ V (I) the set SH,p is finite;
(2) IB(IB) is right noetherian;
(3) for all subgroups H ≤ G, complementary to K, and for all points p ∈ V (I), SH,p
is finite.
Proof. We begin by proving (1) implies (2) using the following claims:
(a) For pi : G→ G/K, the canonical map, pi(SG,p) is finite for all p ∈ V (I);
(b) pi(SG,V (J)) is finite for all prime ideals J C C where I ⊆ J ;
(c) (JB:IB)JB is a finitely generated right (C/I)#K-module for all prime ideals J C C
where I ⊆ J .
We proceed by showing (1) =⇒ (a) =⇒ (b) =⇒ (c) =⇒ (2).
Let us start with (1) =⇒ (a). Assume for some complement H ≤ G of K that SH,p
is finite for all p ∈ V (I). We note that this implies that SH,p is finite for all p ∈ SpecC;
indeed, if SH,p were infinite for some p, then for any a ∈ SH,p, SH,a.p is infinite and
a.p ∈ V (I).
Now H + K = H ⊕K has finite index, say m, in G and let a1, . . . , am ∈ G be coset
representatives. Then G =
⊔m
i=1(ai +H +K) and so for p ∈ V (I),
SG,p = {α ∈ G | α.p ∈ V (I)}
=
m⊔
i=1
{α ∈ ai +H +K | α.p ∈ V (I)}
=
m⊔
i=1
({α ∈ ai +H | α.p ∈ V (I)}+K) as K = StabG(I)
=
m⊔
i=1
(ai + {h ∈ H | (h+ ai).p ∈ V (I)}+K)
=
m⊔
i=1
(ai + SH,ai.p +K).
Hence, as SH,ai.p is finite by assumption, pi(SG,p) is finite as required.
For (a) =⇒ (b),
let J C C be a prime ideal such that I ⊆ J . Since SG,V (J) =
⋂
p∈V (J) SG,p the result
follows and, as SG,V (J) is a K-set by Lemma 4.5, SG,V (J) is a finite union of cosets of K.
Now for (b) =⇒ (c).
Again, let J C C be prime such that I ⊆ J . We have (JB:IB)JB =
⊕
g∈G
(J:Ig)
J g by
Lemma 3.4. Then
(JB : IB)
JB
=
⊕
g∈G
(J : Ig)
J
g =
⊕
g∈SG,V (J)
C
J
g by Equation (1)
=
p⊕
j=1
⊕
k∈K
C
J
(bj + k)
10 RUTH REYNOLDS
where the bj ∈ G are the coset representatives for the finite set pi(SG,V (J)). We note
that (C/J)bj is a right C/I-module. We must check that I acts trivially on (C/J)bj .
Since C acts on (C/J)bj by f¯ bjc = f¯ c
bj bj and bj ∈ SG,V (J), Ibj ⊆ J as required. Hence
(C/J)bjI = 0 and
⊕j ⊕k (C/J)(bj + k) ∼= (⊕j(C/J)(bj + k))⊗C/I (⊕kC/Ik) = ⊕jC
J
bj ⊗C/I ((C/I)#K),
which is a finitely generated right (C/I)#K-module.
Finally, we must prove that (c) =⇒ (2). By Theorem 3.6, R is right noetherian if and
only if
⊕
g∈G
(P :Ig)
P g is a finitely generated right R/IB-module for all prime J C C such
that I ⊆ J . By Proposition 4.3, R/IB ∼= (C/I)#K is left and right noetherian, and so R
is right noetherian.
We move onto (2) implies (3). Suppose that there exists a complement H ≤ G to K
such that for some p ∈ V (I),
SH,p = {h ∈ H | h.p ∈ V (I)}
is infinite. Consider M = I(p), the ideal of C associated to p ∈ V (I). We note, if
h1, h2 ∈ SH,p are distinct, then h1 +K 6= h2 +K as H ∩K = {0}.
Then ⊕
g∈G
(M : Ig)
M
g =
⊕
g∈SG,p
C
M
g ≥
⊕
g∈SH,p+K
C
M
g
=
⊕
a∈SH,p
k∈K
C
M
(a+ k)
=
⊕
a∈SH,p
C
M
a⊗C/I
⊕
k∈K
C
I
k
=
⊕
a∈SH,p
C
M
a⊗C/I ((C/I)#K).
By assumption, this is not a finitely generated right module over (C/I)#K ∼= R/IB-
module, thus R is not right noetherian by Theorem 3.6.
The implication (3) implies (1) is trivial. This completes the proof. 
4.2. Left noetherianity. Now we turn our attention to left noetherianity of our idealiser
R. By Theorem 3.5, we must show that R/IB ∼= (C/I)#K is left graded-noetherian and⊕
g∈G Tor
C
1 (C/I,C/P
g)g is a noetherian left R-module (equivalently, R/IB-module) for
all prime ideals P C C. We note that we may not restrict to only prime ideals which
contain the ideal I. This is one aspect of the left structure of idealisers which is more
complicated and highlights that idealisers are rings which can have different left and right
structures.
By Proposition 4.3, R/IB is left noetherian. We now characterise left noetherianity of
R = IB(IB).
Theorem 4.7. Assume Notation 3.2. Then the following are equivalent:
(1) There exists a subgroup H ≤ G, complementary to K, such that TH,V (J) = {a ∈
H | TorC1 (C/I−a, C/J) 6= 0} is finite for all prime ideals J C C;
(2) R is left noetherian;
(3) For all complementary subgroups H to K, TH,V (J) is finite for all prime ideals
J C C.
Proof. We aim to show that (1) implies that pi
(
TG,V (J)
)
is finite. We note that {a ∈
H | TorC1 (C/I−a, C/J) 6= 0} = {a ∈ H | TorC1 (C/I,C/Ja) 6= 0} and we use the latter
in the proof for ease of notation. Again, H ⊕K has finite index in G, say m, with coset
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representatives a1, . . . am. Then we have, for J C C,
TG,V (J) = {α ∈ G | TorC1 (C/I,C/Jα) 6= 0}
=
m⊔
i=1
{α ∈ ai +H +K | TorC1 (C/I,C/Jα) 6= 0}
=
m⊔
i=1
(
ai + {α ∈ H | TorC1 (C/I,C/J (ai+α)) 6= 0}+K
)
as in Lemma 4.5
=
m⊔
i=1
(
ai + TH,V (Jai ) +K
)
.
Since TH,V (Jai ) is finite for i = 1, . . . ,m, we obtain that pi
(
TG,V (J)
)
is finite. As pi
(
TG,V (J)
)
is a right K-set by Lemma 4.5, TG,V (J) is a finite union of cosets of K.
Then
TorB1 (B/IB,B/BJ) =
IB ∩BJ
IBJ
=
⊕
g∈G
Ig ∩ gJ
IgJ
=
⊕
g∈G
Ig ∩ Jgg
IJgg
=
⊕
g∈G
I ∩ Jg
IJg
g
=
⊕
g∈G
TorC1 (C/I,C/J
g)g
=
⊕
g∈TG,V (J)
TorC1 (C/I,C/J
g)g
=
m⊕
j=1
⊕
k∈K
TorC1 (C/I,C/J
bj+k)(k + bj)
where the bj ∈ G are the coset representatives for the finite set pi
(
TG,V (J)
)
.
Observe that
⊕
k∈K Tor
C
1 (C/I,C/J
bj+k)(bj + k) is a finitely generated left (C/I)#K-
module. Indeed, using the K-invariance of I, both
⊕
k∈K I ∩ Jbj+kk and
⊕
k∈K IJ
bj+kk
are graded left ideals of C#K, and hence are finitely generated left C#K-modules. Thus⊕
k∈K Tor
C
1 (C/I,C/J
bj+k)k =
⊕
k∈K
I∩Jbj+k
IJbj+k
k is a finitely generated left C#K-module.
As I acts trivially,
⊕
k∈K Tor
C
1 (C/I,C/J
bj+k)k is also a finitely generated left (C/I)#K-
module. Thus TorB1 (B/IB,B/BJ) is a finitely generated left (C/I)#K-module. As J
was arbitrary, by Theorem 3.5, R is left noetherian.
We now show (2) =⇒ (3). Suppose there exists a complementary subgroup H ≤ G
to K such that for some prime ideal J C C, TH,V (J) is infinite.
Then
TorB1 (B/IB,B/BJ) =
⊕
g∈G
TorC1 (C/I,C/J
g)g =
⊕
g∈TG,V (J)
TorC1 (C/I,C/J
g)g
≥
⊕
g∈TH,V (J)⊕K
TorC1 (C/I,C/J
g)g
=
⊕
a∈TH,J
⊕
k∈K
TorC1 (C/I,C/J
a+k)(a+ k),
which is an infinite direct sum of non-zero (C/I)#K-modules. Hence R is not left noe-
therian as required. 
To end this section, we apply our results in the case that I is a maximal ideal of C. By
Theorem 4.6, R is right noetherian if and only if there exists a complementary subgroup
H ≤ G to StabG(I) such that
SH,p = {h ∈ H | h.p = p}
is finite where p = V (I). But SH,p = H ∩ StabG(I) = 0, so this always holds. Hence R is
always right noetherian. We note that this result may be considered a graded version of
Theorem 1.1.
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Let us now consider left noetherianity. We require for some complementary subgroup
H ≤ G
{h ∈ H | TorC1 (C/I−h, C/J) 6= 0}
to be finite for all prime JCC. Since TorC1 (C/I−h, C/J) is supported on V ((−h).I)∩V (J)
the only way that TorC1 (C/I
−h, C/J) 6= 0 is if Jh ⊆ I or equivalently h.p = V (I) ∈ V (J).
That is to say, for all subvarieties, Z, of SpecC, {h.p}h∈H ∩ Z is finite. This property
already exists in the literature and is known as critical density.
Definition 4.8. Let X be an affine variety and let S be an infinite subset of X. We say
S is critically dense if S ∩Y is finite for all subvarieties Y of X. Equivalently, any infinite
subset of X is Zariski dense.
We summarise the preceding discussion in the following theorem.
Theorem 4.9. Assume Notation 3.2. Suppose that I is a maximal ideal of C and let
p = V (I). Then R is always right noetherian. Further, R is left noetherian if and only if
G.p is critically dense. 
4.3. Critical Transversality. In the previous two sections we have found conditions on
for IB(IB) to be right or left noetherian which we note are very different. For the right-
hand side we have a condition which is based on the orbit of points in V (I). However, on
the other side the condition for left noetherianity is much less clear. In this section we show
that this condition has a geometric analogue as Sierra showed for twisted homogeneous
coordinate rings in [Sie10] and we prove Theorem 1.5.
We now show that the condition of left noetherianity is closely related to the notion of
critical transversality as defined in the introduction.
Lemma 4.10. Assume Notation 3.2. Then the following are equivalent:
(1) For all prime ideals J C C, the set
{h ∈ H | TorC1 (C/I−h, C/J) 6= 0}
is finite.
(2) For all prime ideals J C C, the set
A(J) = {h ∈ H | V (I−h) is not homologically transverse to V (J)}
is finite.
Before beginning the proof, we establish some terminology which we will need if SpecC
is singular.
Definition 4.11. Let X = SpecC be an affine variety. We define the singular stratifica-
tion of X iteratively as follows:
define X(1) = {m ∈ MaxSpec(C) | gldimC
(
C(m)
)
= ∞} to be the singular locus of
X, which is closed, and define X(n) to be the singular locus of X(n−1). The singular
stratification is preserved under automorphisms.
We have the following Lemma, originally due to Mel Hochster.
Lemma 4.12. [Sie10, Lemma 5.3] Suppose that V (I) is homologically transverse to all
parts of the singular stratification of SpecC. Then
pdimC(C/I) <∞.
Proof of Lemma 4.10. That (2) implies (1) is trivial.
Assume (1). We may assume that H is infinite. We note that
A(J) =
⋃
j≥1
{h ∈ H | TorCj (C/I−h, C/J) 6= 0}.
We note that whilst standard homological arguments imply that
Aj(J) = {h ∈ H | TorCj (C/I−h, C/J) 6= 0}
is finite for each j ≥ 1, this is not enough to conclude (2). However, if the projective
dimension of C/I is finite, (2) immediately follows.
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We first claim that for any finitely generated C-module M and j ≥ 1, the set
{h ∈ H | TorCj (C/I−h,M) 6= 0}
is finite. We induct on j ≥ 1. Firstly, for j = 1. By [E11, Proposition 3.7], M has a
filtration
0 = M0 ⊂M1 ⊂ · · · ⊂Mn = M
with each Mi+1/Mi ∼= C/Pi for some prime ideal PiCC. A similar argument to Theorem
3.5, inducting on n gives that {h ∈ H | TorC1 (C/I−h,M) 6= 0} is finite. Now let j > 1.
We may construct a short exact sequence
0→ K → Cm →M → 0
where K is a finitely generated C-module. From the long exact sequence in Tor we obtain
TorCj (C/I
−h,M) ∼= TorCj−1(C/I−h,K),
from which the claim follows by induction as the right-hand side vanishes for all but
finitely many h ∈ H.
From the claim, V (I) is homologically transverse to all H-invariant subvarieties of
SpecC. This is because, if J is H-invariant, Aj(J) is either all of H or trivial and, as
{h ∈ H | TorC1 (C/I−h, C/J) 6= 0} is finite, it must be the latter. In particular, V (I) is
homologically transverse to the singular stratification of SpecC as each of the terms in
the singular stratification corresponds to a factor C/A where A is an H-invariant ideal
of C. Hence C/I has finite projective dimension by Lemma 4.12 and Aj(J) = 0 for all
j > pdimC C/I. Thus A(J) =
⋃
j≥1Aj(J) is finite as required. 
The following Theorem now follows as a corollary of Lemma 4.10.
Theorem 4.13 (Theorem 1.5). Assume Notation 3.2. Then R is left noetherian if and
only if, for some complement H ≤ G of K, {I−h}h∈H is critically transverse. 
As mentioned in the introduction, results obtained by Sierra for idealisers in twisted
homogeneous co-ordinate rings are similar to our results in the case that G = Z.
Theorem 4.14. [Sie10, Theorem 10.2] Let X be a projective variety, let σ ∈ AutkX, let
L be a σ-ample invertible sheaf on X, and let Z be an irreducible, closed subscheme of
X of infinite order under σ. Let B = (X,L, σ) be a twisted homogeneous coordinate ring
and let I be the right ideal of B corresponding to Z.
If for all p ∈ Z, the set {n ≥ 0 | σn(p) ∈ Z} is finite then IB(I) is right noetherian. If
the set {σnZ}n∈Z is critically transverse, then IB(I) is left noetherian.
We note that both of the sets involved correspond with those we obtained in Theorems
4.6 and 4.7 in the case that the stabiliser is trivial and G = Z.
5. Idealisers defined by subvarieties of the plane
Now that we have an abstract set of conditions for when idealiser rings are left and
right noetherian, let us see how these work in practice. We consider C = C[x, y] and
Z2 ⊆ C2 acting by translation. We will see that the noetherianity of the idealisers we
obtain depends on subtle arithmetic results about integer points on varieties.
Example 5.1. Let us consider C = C[x, y], and σ, τ ∈ AutC(C[x, y]) defined by
σ(x) = x+ 1, σ(y) = y,
τ(x) = x, τ(y) = y + 1.
Define B = C#Z2 with Z2 = (σ, τ) acting on C by translation. By Bezout’s theorem, the
only irreducible curves with non-trivial stabiliser under this action are lines with rational
slope (including slope ∞). We shall treat this case separately.
If V (I) is not such a line then I C C is prime with trivial stabiliser. By Theorem 4.6,
IB(IB) is right noetherian if and only if
{a ∈ Z2 | a.p ∈ V (I)}
is finite for all p ∈ V (I). This is equivalent to
V (I) ∩ (b+ Z2)
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being finite for all b ∈ C2.
Further, IB(IB) is left noetherian if and only if
{a ∈ Z2 | TorC1 (C/I−a, C/J) 6= 0}
is finite for all prime ideals J C C.
Our task is to understand these geometric conditions better. We shall split our work
into two cases: when I is and is not maximal. Firstly, when I is maximal, then Stab2Z(I) is
trivial and we claim that IB(IB) right but it is not left noetherian. Indeed, if I is maximal
then IB(IB) is easily shown to be right noetherian by Theorem 3.6. Also, as V (I) = p
for some point p = (p1, p2) ∈ A2, let us consider the subvariety Y = V (x− p1) ⊆ A2. As
τ i(p) ∈ Y for all i ∈ Z, Z2.V (I) cannot be critically dense and thus, by Theorem 3.15,
IB(IB) is not left noetherian. We sumarise this in the following Proposition.
Proposition 5.2. Assume the setup from Example 5.1. Suppose I is a maximal ideal.
Then IB(IB) is right but not left noetherian. 
Now we consider what happens when I is prime but not maximal, then I = (f) for
some irreducible polynomial f ∈ C[x, y] and corresponds to a plane curve in A2. We now
view IB(IB) as a subring of the skew field of fractions associated to B, Q(B), in which f
is invertible. Then the conjugation action by f :
θ : Q(B)→ Q(B),
θ(a) = f−1af
is an isomorphism of Q(B). We note that IB(IB) = C+fB and so θ(IB(IB)) = C+Bf =
IB(BI) as f commutes with C. Thus θ restricted to IB(IB) induces an isomorphism
between IB(IB) and IB(BI). Hence IB(IB) is left noetherian if and only if IB(BI) is
left noetherian which, by the opposite-sided version of Theorem 4.6, happens if and only
if V (I) ∩ (b + Z2) is finite for all b ∈ C2. That is to say, IB(IB) is left noetherian if and
only if it is right noetherian. We note that if I = (f) then TorC1 (C/I,C/J) = 6= 0 if and
only if J ⊇ I. So the Tor condition also gives that IB(IB) is left noetherian if and only if
V (I)∩ (b+Z2) is finite. We summarise the above discussion in the following Proposition.
Proposition 5.3. Assume the setup from Example 5.1. Suppose I is a non-maximal
prime ideal that does not correspond to a line of rational slope. Then IB(IB) is left and
right noetherian if and only if the set
V (I) ∩ (b+ Z2)
is finite for all b ∈ C2. 
We now seek to understand which ideals I, or indeed which curves V (I), satisfy this
condition. We turn to Siegel’s theorem on integral points.
Theorem 5.4. [Z15, Theorem 3.2] Let C be an affine irreducible curve over a number
field k, and suppose it has infinitely many integral points. Then C has genus 0 and at
most two points at infinity.
We observe that if we were simply interested in whether V (I) ∩ Z2 was finite where
V (I) was defined over some finite field extension of Q then this would be a straightforward
application of this theorem. However, this is not the case and in addition we are interested
in (possibly non-rational) translations of V (I) and hence we search for some ‘dynamical’
Siegel’s Theorem. Thus we turn to Lang’s generalisation of Siegel’s Theorem from [L62,
Chapter VII pp.121 and Theorem 4]:
Theorem 5.5. If C is an affine curve defined over a ring S finitely generated over Z,
and if its genus is g ≥ 1, then C has only a finite number of points in S.
We note that if g ≥ 2 this follows from Falting’s Theorem.
Applying the results, we obtain:
Theorem 5.6. With the setup from Example 5.1, let X = V (I) be an irreducible curve.
If X has genus ≥ 1, then IB(IB) is left and right noetherian.
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Proof. Let I = (f(x, y)) for some irreducible polynomial f(x, y) ∈ C[x, y] and suppose
that IB(IB) is not noetherian. Then, by Proposition 5.3 there exists c, d ∈ C such that
g := f(c+x, d+y) has infinitely many integer solutions. Let S be the Z-algebra generated
by the coefficients of g. Then g defines a curve over S and g has an infinite number of
solutions in S (from its infinite integer solutions). Thus, by Theorem 5.5, g must have
genus 0. Hence, f also has genus 0 as required. 
For example, if X were a smooth cubic curve then the idealiser associated to this curve
will always be left and right noetherian. So any cubic curve with non-trivial j-invariant
will give a left and right noetherian idealiser.
However, if we consider a genus 0 curve of the form
x2 − ny2 = 1
where n is a given positive nonsquare integer, then it is a result of Lagrange that this
curve has an infinite number of integral points. As an example, consider x2 − 7y2 = 1,
then the integer solutions (xk+1, yk+1) are given by the recurrence formula:
xk+1 = x1xk + 7y1yk
yk+1 = x1yk + y1xk
where (x1, y1) = (8, 3). So IB((x2 − 7y2 − 1)B) is neither right nor left noetherian.
Recall that we did not consider lines with rational slope as they do not have trivial
stabiliser. We deal these lines now.
Proposition 5.7. Assume the setup from Example 5.1. Let I CC be a prime ideal in C
corresponding to a line in A2. Then IB(IB) is right and left noetherian.
Proof. If I corresponds to a line of irrational slope, StabZ2(I) = 0 and V (I)∩(b+Z2) <∞
for all b ∈ C2, so by Proposition 5.3, IB(IB) is both left and right noetherian.
Now I = (f) = (mx− ny − p) where m,n, p ∈ C. Without loss of generality m,n ∈ Z
as the slope is rational and, by symmetry, we may assume n 6= 0. Then, as σiτ j(f) = f
if and only if (i, j) ∈ (n,m)Z, K = StabZ2(I) = (n,m)Z. Consider H = (0, 1)Z. As
n 6= 0, H ∩ K = {0} and, since H,K ∼= Z, H ⊕ K = Z2 so H is a complement to
K. Further, as τ j(p) /∈ V (I) for any p ∈ V (I) and j 6= 0, the set SH,p = {(0, 0)} and
hence, by Theorem 4.6, IB(IB) is right noetherian. For left noetherianity we must show
that the set {(m,n) ∈ (0, 1)Z | Ih is not homologically transverse to J} is finite for all
prime J C C. Then, as V (Ih) ⊆ A2 is a plane curve, Ih and J can only have a non
homologically transverse intersection if Ih ⊆ J . But this can only happen at most once
when H = (0, 1)Z, hence the set is finite and IB(IB) is left noetherian. 
6. More general groups
In this section we briefly consider noetherianity of idealisers in group rings with polycyclic-
by-finite groups. Providing a complement actually exists - something which may not hap-
pen in non-abelian groups - the same form of argument as in Theorems 4.6 and 4.7 goes
through. We begin by showing that the sets
SG,J = {g ∈ G | Ig ⊆ J}
and
TG,J = {g ∈ G | TorC1 (C/I,C/Jg) 6= 0}
are right and left K-sets respectively.
Lemma 6.1. The sets
SG,J = {g ∈ G | Ig ⊆ J}
and
TG,J = {g ∈ G | TorC1 (C/Ig
−1
, C/J) 6= 0}
are right and left K-sets respectively.
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Proof. First for SG,J where J ⊇ I. Let a ∈ SG,J and let k ∈ K. Then
Iak ⊆ Ia ⊆ J
by the definition of K.
Now for TG,J where J C C is an arbitrary prime ideal. Then
TorC1 (C/I
a−1 , C/J) = 0 ⇐⇒ TorC1 (C/I,C/Ja) = 0 ⇐⇒ TorC1 (C/Ik
−1
, C/Ja) = 0
⇐⇒ TorC1 (C/I,C/Jka) = 0 ⇐⇒ TorC1 (C/I(ka)
−1
, C/J) = 0
as required. We note that neither of these sets are necessarily two-sided K-sets. 
Armed with this result, the generalisation of Theorems 4.6 and 4.7 follows through
exactly the same argument.
Theorem 6.2. Assume Notation 3.2 and that K = StabG(I) has at least one comple-
mentary subgroup. Then the following are equivalent:
(1) there exists a subgroup H ≤ G, complementary to K, such that for all points
p ∈ SpecC the set SH,p is finite;
(2) R is right noetherian;
(3) for all subgroups H ≤ G, complementary to K, and for all points p ∈ SpecC,
SH,p is finite.
We note that the first condition in Theorem 6.2 is for all points p ∈ SpecC as opposed
to just points in V (I). This is because G no longer being abelian means we cannot only
consider SH,p for p ∈ V (I).
Theorem 6.3. Assume Notation 3.2 and that K has at least one complementary subgroup.
Then the following are equivalent:
(1) there exists a subgroup H ≤ G, complementary to K, such that
TH,V (J) = {a ∈ H | TorC1 (C/I−a, C/J) 6= 0}
is finite for all prime ideals J C C;
(2) R is left noetherian;
(3) for all complementary subgroups H to K, TH,V (J) is finite for all prime ideals
J C C.
To close, we consider an example where the stabiliser does not have a complementary
subgroup.
Example 6.4. We consider G =
1 Z Z0 1 Z
0 0 1
 the Heisenberg group with centre Z(G) =1 0 Z0 1 0
0 0 1
. We have that G/Z(G) ∼= Z2, which we let act on C[x, y] as in Example
5.1. Requiring that Z(G) acts trivially gives an induced action of G on C[x, y] with each
maximal ideal having Z(G) as its stabiliser. We claim that the centre does not have a
complementary subgroup. Indeed, to obtain [G : HZ(G)] < ∞, since Z(G) = [G,G] and
the Hirsch length of G is 3, H would have to be free abelian of rank 2. But no subgroup of
G of this form intersects the centre trivially. Hence Z(G) is an example of of a subgroup
with no complement. Let B = C[x, y]#G, MCC[x, y] a maximal ideal, and R = IB(MB).
However, we can still determine whether these idealisers are left or right noetherian.
Indeed, as M is a maximal ideal, we only have two choices for J ⊇M in (JB : MB)/JB,
namely J = M and J = C. In either case, (JB : MB)/JB is a finitely generated right
(C/I)#K-module and hence, by Theorem 3.6, R is right noetherian. For left noetherianity,
as M is a maximal ideal of C[x, y] it is of the form M = (x− p, y − q) for some p, q ∈ C,
consider the ideal J = (x − p) C C[x, y]. Let H =
1 0 00 1 Z
0 0 1
, then Jh = J ⊆ M
for all h ∈ H and so TorC1 (C/M,C/Jh) = TorC1 (C/M,C/J) 6= 0. If h, h′ ∈ H are
distinct then hK 6= h′K, so ⊕h∈H TorC1 (C/M,C/Jh)h cannot be a finitely generated left
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(C/I)#K-module. Thus, since
⊕
h∈H Tor
C
1 (C/M,C/J
h)h ≤ ⊕g∈G TorC1 (C/M,C/Jg)g,⊕
g∈G Tor
C
1 (C/M,C/J
g)g cannot be finitely generated as a left (C/I)#K-module and
hence, by Theorem 3.5, R is not left noetherian.
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